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A METRIC FOR THE SPACE OF SUBMANIFOLDS OF
GALATIUS AND RANDAL-WILLIAMS
FEDERICO CANTERO MORA´N
Abstract. Galatius and Randal-Williams defined a topology on the set of
closed submanifolds of Rn in [GRW10]. Bo¨kstedt and Madsen in [BM11]
proved that a C1 version of this topology is metrizable by showing that it
is regular and second countable. Using that the scanning map of a topological
sheaf on manifolds is an embedding, we give an explicit metric to the space
considered by Bo¨kstedt and Madsen. Then, we compare this topology with
the Fell topology and we use the Hausdorff distance to give another metric to
the space of Galatius and Randal-Williams.
1. Introduction
Let U ⊂ Rn be an open subset and define ψ(U) to be the set of all (possibly
empty, possiby non-compact) proper submanifolds of U of dimension d without
boundary. Here, a proper subset of Rn is a subset of Rn whose intersection with
any compact subset is compact. A subset of Rn is proper if and only if it is closed.
There is a surjective map ∐
[N ]
Emb(N,U) −→ ψ(U)
that sends each embedding to its image (the union being indexed over diffeomor-
phism classes of manifolds of dimension d). Each choice of topology on the left
hand-side (for instance, the Whitney C∞ topology or the C1 topology) determines
a quotient topology on the right hand-side.
A drawback of all these topologies in ψ(U) is that, while the assigment U 7→ ψ(U)
is a sheaf of sets in Rn (because the property of being a submanifold can be checked
locally), the restriction maps of this sheaf are not continuous with respect to these
topologies.
In order to make U 7→ ψ(U) a sheaf of topological spaces, Galatius and Randal-
Williams [GRW10] introduced a new topology on ψ(U) which is reasonably close to
the one coming from the Whitney C∞ topology in Emb(M,U). For example, both
topologies coincide on the subset of ψ(U) that consists of compact submanifolds.
Bo¨kstedt and Madsen [BM11] later proved that the C1-version of the Galatius–
Randal-Williams topology is metrizable. We recall now the definition of this topol-
ogy: If NW denotes the normal bundle of a submanifold W of U , the exponential
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2 FEDERICO CANTERO MORA´N
map is a partially defined function expW : NW 99K U defined in a neighbourhood
of the zero section z. Recall also the bundle projection
τ : TNW //

TW ⊕NW //

NW

NW // W // W.
Definition 1.1. The (C1)-Galatius–Randal-Williams topology on ψ(U) is given by
the following neighbourhood basis of any proper submanifold W :
• Every compact subset K ⊂ U and every  > 0 define a basic neighbourhood
(K, )gs of W ; a submanifold W ′ belongs to (K, )gs if there is a section f
of the normal bundle NW →W such that
(1) expW (f(W )) ∩K = W ′ ∩K and
(2) ‖f(x)‖ + ‖τ ◦ (Df)(x)‖ <  for all x ∈ W such that expW ◦f(x) ∈
W ′ ∩K.
We write Ψ(U) for this topological space. Let Thfib(γ⊥d (TRn)) be the fibrewise
one-point compactification of the fibrewise Grassmannian of affine d-planes in the
tangent bundle of Rn. This is a bundle over Rn, and we write Γ(Thfib(γ⊥d (TRn)))
for its space of sections with the compact-open topology. Using a construction in
[Can14], we have a map
S : Ψ(U) −→ Γ(Thfib(γ⊥d (TRn)))
and our first result shows that it is an embedding. As the right hand-side is a
metric space, we have the first contribution of this note (Theorem 1), which gives a
more conceptual proof of the forementioned result of Bo¨kstedt and Madsen: Ψ(U)
is a metric space, and an explicit metric is given by the restriction of the metric on
Γ(Thfib(γ⊥d (TRn))) along S. We also generalise this result to spaces of submanifolds
with labels in a topological space or in an abelian topological monoid (Theorem 2).
There is another natural metric on ψ(U): Consider the inclusion
Gauss : ψ(U) −→ CL(U ×Grd(Rn))
into the set of closed subsets of U×Grd(Rn) that takes a submanifold to its tangent
bundle. Endow the right hand-side with the Fell topology, which is induced by the
Hausdorff metric on the set of closed subsets of the one-point compactification of
Rn×Grd(Rn). Finally, write Ψ˜(U) for ψ(U) endowed with the subspace metric. In
Theorem 3, we characterise this space and we show that the Fell topology on ψ(U)
is strictly coarser than the Galatius–Randal-Williams topology.
The metric obtained in Theorem 1 is not easy to work with, because the map S
involves several choices. We end this note with Theorem 4, giving a variation of the
Hausdorff metric that induces the Galatius–Randal-Williams topology on ψ(U).
Theorem 3.22 in [GRW10] shows that when ψ(Rn) is endowed with the Galatius–
Randal-Williams topology, it has the weak homotopy type of Th(γ⊥d (Rn)), whereas
in [Can14] the author has proven that ψ(Rn) with the induced Fell topology is
weakly contractible.
In Section 2 we prove Theorems 1 and 2, in Section 3 we give a discussion on
topologies on spaces of closed subsets and state Theorems 3 and 4, which are proven
in Sections 4 and 5.
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2. Metrics induced by the scanning map
Recall the site Man of n-dimensional smooth manifolds and open embeddings
between them, and write Top for the category of topological spaces. Let M be
one such manifold, and let g : M → (0,∞) be an injectivity radius for M (i.e., the
exponential map exp: TpM →M is injective on vectors of length at most g(p)). If
Φ: Man −→ Top is a continuous functor, then the scanning map
s : Φ(M) −→ Γ(Φfib(TM))
is the adjoint of the map
Φ(M)×M −→ Φfib(TM)
that sends a pair (x, p) to θ−1g(p)(Φ(expp)(x)), where θt is a GLn-equivariant diffeo-
morphism from Rn to the ball of radius t in Rn.
The assigment U 7→ ψ(U) defines a sheaf of sets on the site O(Rn) of open
subsets of Rn: if U ⊂ V , there is a function ψ(V ) → ψ(U) given by sending each
submanifold W of V to the submanifold W ∩ U . In Section 2.2 of [GRW10], it is
proven that the assignment U 7→ Ψ(U) is a topological sheaf.
Define ψ(M) to be the set of all (possibly empty) proper d-dimensional sub-
manifolds of M . This extends the sheaf of sets ψ(−) from the site O(Rn) of open
subsets of Rn to the site Man. Consider now the diagram:
O(Rn)

Ψ(−) // Top

Man
ψ(−) // Set
As explained in [RW11, Theorem 3.3], there is a unique lift
Ψ: Man −→ Top
of ψ(−), i.e., a topological sheaf on the site Man with underlying set-valued sheaf
ψ(−), whose restriction to O(Rn) is Ψ(−).
Proposition 2.1. If Φ: Man→ Top is a topological sheaf, then the scanning map
is an embedding.
Proof. As the scanning map is a natural transformation between topological sheaves,
it is an embedding if and only if its value on Rn is an embedding. In this case, the
scanning map is the adjoint of
λ : Φ(Rn)× Rn −→ Ψ(Rn),
where λp is the translation that sends the origin to p and λ(x, p) = λ
−1
p (x). Now
observe the following:
If X → map(Y,Z) is injective, but not an embedding, then there is a coarser
topology X ′ on X and a factorisation X → X ′ → map(Y,Z), and so a factorisation
of its adjoint
X × Y −→ X ′ × Y −→ Z
where the first map is the identity on points.
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Hence, if the scanning map were not an embedding, because Rn is Hausdorff
locally compact [Mun75, Theorem 46.11], there would be a factorisation
Φ(Rn)× Rn −→ Φ′(Rn)× Rn −→ Φ(Rn).
Its restriction is the identity
Φ(Rn)× {0} −→ Φ′(Rn)× {0} −→ Φ(Rn),
and therefore Φ(Rn) ∼= Φ′(Rn), contradicting the hypothesis of the scanning map
not being an embedding. 
The following is straightforward:
Lemma 2.2. If Φ: Man→ Top is a topological sheaf and Λ is a topological functor
from the groupoid of vector spaces and isomorphisms, and σ : Φ(Rn) −→ Λ(Rn) is
a GLn-equivariant quotient map such that the composition
S = σ ◦ s : Φ(Rn) −→ Γ(Φfib(TRn)) −→ Γ(Λfib(TRn))
is injective, then the composition is an embedding.
Let us particularise taking Φ(V ) = Ψ(V ) and Λ(V ) = Th(γ⊥d (V )), the one-point
compactification of the affine Grassmannian of d-planes in V . The space Λ(V )
includes GLn-equivariantly into the space Φ(V ) as the subspace of possibly empty
affine submanifolds. In [Can14] the author constructed a map
Φ(V ) −→ Λ(V )
which makes Λ(V ) a strong deformation retraction of Φ(V ), and so this map is a
right inverse of the inclusion, and therefore a quotient map. This map is easily seen
to be GLn-equivariant. Finally, the composition
S : Φ(Rn) −→ Γ(Φfib(TRn)) −→ Γ(Λfib(TRn))
is injective, because ifW ∈ Φ(Rn), then S(W )−1(Grfibd (TRn)) = W , and so S(W ) 6=
S(W ′) if W 6= W ′. Therefore, we have that:
Theorem 1. The map S is an embedding, and therefore Ψ(M) is metrizable, and
an explicit metric is the pullback of any metric on Γ(Λfib(TRn)).
Other metrizable spaces of submanifolds. Let ψ˜(U ;X) be the set of pairs
(W,α) where W ∈ ψ(U) and α is a continuous function from W to a metric abelian
topological monoid X.
Definition 2.3. The topology on Ψ˜(U ;X) is given by the following neighbourhood
basis of any pair (W,α): Every compact subset K ⊂ U and every  > 0 define a
basic neighbourhood (K, )ms of (W,α); a pair (W ′, α′) belongs to (K, )ms if there
is a subset Q ⊂ NW such that the composite q : Q ⊂ NW →W
(1) expW (Q) ∩K = W ′ ∩K,
(2) ‖f(x)‖+ ‖τ ◦ (Df)(x)‖ <  for each local section f of q.
(3)
d
α(x), ∑
y∈q−1(x)
α′(y)
 <  for all x ∈W ∩K,
Let ψ(U ;X) be the set of pairs (W,α) where W ∈ ψ(U) and α is a continuous
function from W to a topological space X.
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Definition 2.4. The topology on Ψ(U ;X) is given by the following neighbourhood
basis of any pair (W,α): Every compact subset K ⊂ U , every  > 0 and every
neighbourhood A of α ∈ map(W,X) define a basic neighbourhood (K, ,A)ss of
(W,α); a pair (W ′, α′) belongs to (K, )ss if there is a section f of the normal
bundle NW →W such that:
(1) expW (Q) ∩K = W ′ ∩K,
(2) ‖f(x)‖+ ‖τ ◦ (Df)(x)‖ <  for all x ∈W such that expW ◦f ∈W ′ ∩K.
(3) α′ ◦ expW ◦f ∈ A,
These assigments define topological sheaves on the site of open subsets of Rn (see
[Can14, Lemma 3.2] for Ψ˜(Rn, X), whose proof also works for Ψ(Rn, X)), which, as
in the beginning of this section, extend to the site of n-dimensional manifolds and
open embeddings. The main result of [Can14] generalises to give GLn-equivariant
right inverses of the inclusions
Λ˜(Rn, X) ↪→ Ψ˜(Rn, X)
Λ(Rn, X) ↪→ Ψ(Rn, X)
of the subspace of those (W,α) where W is a (possibly empty) union of parallel
planes in Rn and α is locally constant. These subspaces are easily seen to be
metrizable if X is metrizable, therefore
Theorem 2. If X is metrizable, then the spaces Ψ˜(M,X) and Ψ(M,X) are metriz-
able, and an explicit metric is obtained pulling back the metric of Γ(Λ˜(−, X)fib(TM))
and Γ(Λ(−, X)fib(TM)) along S.
3. Topologies and distances on spaces of closed subsets
We start introducing two topologies in the set CL(X) of closed subsets of a space
X. If U ⊂ X, define
U− = {A ∈ CL(X) | A ∩ U 6= ∅}, U+ = {A ∈ CL(X) | A ⊂ U}.
Then the Fell topology has as subbasis the collection of all subsets U− with U an
open subset of X and U+ with U the complement of a compact subset of X [Fel62].
The finite topology has as subbasis the collection of all subsets U− and U+ with U
an open subset [Mic51].
If X is a uniformly hemicompact1 metric space, then the Fell topology on CL(X)
is metrizable, and an explicit metric is the following: If X denotes the one-point
compactification of X, then there is a map
CL(X) −→ CL(X)
that sends a closed subset A to the closed subset A∪{∞}. This map is an embedding
(it even admits a retraction). Since X is metrizable and uniformly hemicompact,
X is metrizable [Man89, Pet]. It is immediate to see that the Fell topology in a
compact space agrees with the finite topology, which for compact metric spaces is
induced by the Hausdorff distance [Mic51].
1It is a countable union
⋃∞
k=1Hk of compact subsets, where each subset Hk+1 contains a
neighbourhood of Hk.
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Definition 3.1. The differential Fell topology on ψ(U) is the restriction of the Fell
topology along the inclusion
Gauss : ψ(U) −→ CL(U ×Grd(Rn)).
We let dH be the metric in ψ(U) induced by the Hausdorff metric along the inclusion
ψ(U) −→ CL(U ×Grd(Rn)) −→ CL(U ×Grd(Rn)).
One might expect the distance dH to be a metric for Ψ(U), but it is not. To
show why (see also Figure 1), we take a compact submanifold W . A submanifold
W ′ is close to W in Ψ(U) if there is a global section of the normal bundle of
W that is close to the zero section and W ′ = f(W ). On the other hand, W ′ is
close W in (ψ(U), dH) if each point (x, TxW ) is close to Gauss(W
′) and each point
(y, TyW
′) is close to Gauss(W ). Therefore, if we let δ > 0, we let s be a section
of NW , and we identify NW with a tubular neighbourhood of W in U , and let
W ′δ = δ · s(W ) ∪ −δ · s(W ), then dH(W,W ′) < δ, hence as δ → 0, the sequence of
submanifolds W ′δ (which are diffeomorphic to two disjoint copies of W ), converges
to W . But this is not allowed in Definition 1.1 (W ′δ is never the image of a global
section). Nevertheless, we will prove that any W ′ in a small neighbourhood of
W (with the differential Fell topology) is always locally the image of some local
sections.
In order to make this explicit, we introduce now a different topology in ψ(U),
the only difference being that instead of requiring W ′ ∩ K to be the image of a
global section of NW , we only ask it to be the union of images of local sections of
NW whose domains cover W .
Definition 3.2. The space Ψ˜(U) has the same underlying set as Ψ(U), with neigh-
bourhood basis of a proper submanifold W :
• Every compact subset K ⊂ U and every  > 0 define a basic neighbourhood
(K, )ls of W ; a submanifold W ′ belongs to (K, )ls if there is a subset
Q ⊂ NW such that the composite q : Q ⊂ NW →W
(1) hits every point of W ∩K,
(2) is a local diffeomorphism, i.e., a covering map,
(3) expW (Q) ∩K = W ′ ∩K,
(4) ‖f(x)‖+ ‖τ ◦ (Df)(x)‖ <  for each local section f of the local diffeo-
morphism q.
Theorem 3. The space Ψ˜d(U) has the differential Fell topology (which therefore is
strictly coarser than the Galatius–Randal-Williams topology).
Recall that a pseudo-metric on a set X is a symmetric function d : X × X →
[0,∞) satisfying the triangle inequality and such that d(x, x) = 0 for all x ∈ X.
The balls of a pseudo-metric on X define a basis of a topology, and that topology
is Hausdorff if and only if d is a metric (that is, d(x, y) 6= 0 whenever x 6= y). If
(X, d) is a metric space and f : Y → X is a function from a set Y , then d ◦ (f × f)
is a pseudo-metric on Y , which is a metric if f is injective.
Let F0(R+) be the set of non-decreasing functions from R+ = [0,∞) to itself
that preserve 0. Define
graph: F0(R+) −→ CL(R+ × R+)
f 7−→ {(x1, x2) ∈ R+ × R+ | f(x−1 ) 6 x2 6 f(x+1 )}
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Now let Wr be the intersection of W with the closed ball of radius r. Define
ν : ψ(Rn) −→ F0(R+)
W 7−→ (r 7→ vol(Wr))
Definition 3.3. We write dν for the restriction of the Hausdorff distance associated
to the Fell topology in CL(R+ × R+) along graph ◦ ν. Because ν is not injective,
dν is only a pseudo-distance.
Definition 3.4. Define the following metric in ψ(Rn)
dψ(W,W
′) = dH(W,W ′) + dν(W,W ′).
Theorem 4. The distance dψ is a metric for the space Ψ(Rn).
Remark 3.5. The space ψ(U) can be naturally endowed with a metric too, fol-
lowing the same method as above with
Wr =
{
x ∈W
∣∣∣∣max{‖x‖, 1d(x,Rn \ U)
}
6 r
}
.
(a) (b)
(c) (d)
Figure 1. The light grey area is an open subset U while the
dark area is a compact subset K ⊂ U . We denote the dashed
submanifold by W ′ and the non-dashed submanifold by W . In
Figure 1a, W ′ is close to W both in Ψ(U) and Ψ˜(U). In Figure
1b, W ′ is close to W in Ψ˜ but not in Ψ(U). In Figure 1c, W ′ is far
from W in Ψ˜(U), hence in Ψ(U) too. The small squares indicate
points that are far from the other submanifold. In Figure 1d, W ′
is close to ∅.
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4. The space Ψ˜(U) and the dH-topology
In Lemmas 4.2 and 4.3 of this section we prove Theorem 3. We start setting up
some conventions.
We denote by d0 the Euclidean distance in Rn, by d1 the distance on Grd(Rn)
given by
d1(L,L
′) = max
v∈S(L)
min
w∈S(L′)
{angle(v, w)} = max
w∈S(L′)
min
v∈S(L)
{angle(v, w)},
where S(L) is the unit sphere in L, and by d = d0+d1 the distance in Rn×Grd(Rn).
If f : L→ L′ is a linear operator, then
‖f‖ = max
v∈S(L)
{‖f(v)‖}.
If W ∈ ψ(U), we denote by p : NW → W the projection, which is covered by
two bundle maps: its differential Dp : T (NW ) → TW and the canonical bundle
isomorphism
TNW
α //

TW ⊕NW

NW
p // W.
The differential Dp is the composition of α with the projection onto TW , and we
write τ for the composition of α with the projection onto NW .
Recall that there is a function  : W → (0,∞) such that the restriction
expW : N
W −→ U
of the exponential map expW : NW → U to the subspace N W of vectors v of
length at most (p(v)) is an embedding. In addition, the restriction of this map to
each fibre
expW,x : N

xW → U
is a radial isometry. We denote by z : W → NW the zero section, by T  the image
of N W , and by pi the composition of (expW )
−1 and p. Summarizing:
NW ⊃
p

N W
expW ∼=

W ⊂
z
66
T  ⊂
pi
jj U
Lemma 4.1. Let A be an open subset of W , let x ∈ A and let f : A → NW be a
local section of NW . Let A′ = (expW ◦f)(A) and let y = (expW ◦f)(x). Then
‖f(x)‖ = d0(x, y)
‖τ ◦ (Df)(x)‖ = tan(d1(TxA, TyA′)).
Proof. The first equality follows because expW is a radial isometry. For the second,
observe that if ρ is a linear projection of Euclidean spaces and ‖v‖ = 1, then
‖ρ(v)‖ = tan(angle(v, ρ⊥(v))).
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Now,
‖τ ◦ (Df)(x)‖ = max
v∈S(TxA)
‖τ ◦ (Df)(x)(v)‖ =
= max
v∈S(TxA)
tan
(
angle(Df(x)(v), τ⊥Df(x)(v))
)
by the observation before
= max
v∈S(TxA)
tan (angle(Df(x)(v), v)) τ⊥(Df) = (Dp)(Df) = DId
= max
w∈S(Tf(x)f(A))
min
v∈S(TxA)
tan (angle(w, v)) because τ is a projection
= tan
(
max
w∈S(Tf(x)f(A))
min
v∈S(TxA)
angle(v, w)
)
= tan
(
d1(TxA, Tf(x)f(A))
)
= tan
(
d1(D expW (TxA), D expW (Tf(x)f(A)))
)
as expW is a radial isometry
= tan (d1(TxA, TyA
′)) . 
Lemma 4.2. Let W ∈ ψ(U) and let (K, )ls be a neighbourhood of W in Ψ˜d(U).
Then, there is a neighbourhood V of W in the differential Fell topology with V ⊂
(K, )ls.
Proof. Let T be a tubular neighbourhood contained in expW (N
/2W ). We start
defining the following subsets:
• T ′ is the closure of the relatively compact subset pi−1pi(T ∩K)
• K ′ is the closure of the complement of T ′ inside K ∪ T ′, which is compact.
• K1 = K ′ ×Grd(Rn), which is compact.
• K2 = {(x, L) ∈ Rn ×Grd(Rn) | x ∈ T ′, L ⊥ Tpi(x)W}, which is compact.
• K3, = {(x, L) ∈ Rn × Grd(Rn) | x ∈ T ′, d(L, Tpi(x)W ) > arctan(/2)},
which is compact.
• Ai is the complement of Ki, for i = 1, 2, 3.
• {Bj} is a collection of connected open subsets of T ′ such that each Bj is
connected and the inclusion
⋃
j Bj → T ′ is surjective on components.
Define V = A+1 ∩ A+2 ∩ A+3, ∩ B− (observe that K2 ⊂ K3,, hence A+3, ⊂ A+2 , so
we may remove A+2 , but we keep it there to help the next explanation), and let
W ′ ∈ V . We claim that W ′ ∈ (K, )ls. To prove this, define Q = exp−1W (W ′ ∩ T ′).
Then,
• Because W ′ ∈ A+1 , it follows that W ′ ∩K = W ′ ∩ T ′, hence
expW (Q) ∩K := W ′ ∩ T ′ ∩K = W ′ ∩K.
• Since W ′ ∈ A+2 , it follows that the restriction of p : NW → W to Q is a
submersion onto its image, which is proper because Q is compact.
• Since W ′ ∈ B−, it follows that this proper submersion has non-empty fibres
over each component and therefore it is a surjective submersion.
• ‖f(x)‖+ ‖τ ◦ (Df)(x)‖ <  because by Lemma 4.1:
– since Q ⊂ T ′ ⊂ T ⊂ expW (N/2W ), it follows that ‖f(x)‖ < /2 for
every local section f of q,
– since W ′ ⊂ A+3,,
‖τ ◦ (Df)(x)‖ = tan(d1(TxW,T(expW ◦f)(x)W ′)) < tan(arctan(/2)) < /2. 
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Lemma 4.3. Let W ∈ ψ(U) and let V be a subbasic neighbourhood of W in the
differential Fell topology. Then, there is a neighbourhood (K, )ls of W in Ψ˜d(U)
with (K, )ls ⊂ V .
Proof. Suppose first that N is a subbasic neighbourhood of W of the form A+, with
A ⊂ Rn×Grd(Rn) and the complement of A a compact subset J . This means that
Gauss(W ) ∩ J = ∅. Let K be the image of the projection of J ⊂ Rn × Grd(Rn)
onto Rn. For each x ∈W ∩K, define
x =
1
2
d((x, TxW ), J),
and let  be the minimum of all x.
Now let W ′ ∈ (K, )ls and let Q ⊂ NW be as in Definition 3.2. If y ∈ W ′ ∩K
there is a section f of q : Q→W whose target contains a neighbourhood of y. We
have, using Lemma 4.1:
d((x, TxW ), (y, TyW
′)) = d0(x, y) + d1(TxW,TyW ′)
= ‖f(x)‖+ arctan(‖τ ◦ (Df)(x)‖)
6 ‖f(x)‖+ ‖τ ◦ (Df)(x)‖ < .
(4.1)
Now we can compute
d((y, TyW
′), J) > d((x, TxW ), J)− d((x, TxW ), (y, TyW ′))
> d((x, TxW ), J)−  > 1
2
d((x, TxW ), J) > 0,
therefore Gauss(W ′) ∩ J = ∅.
Now, let B− be a subbasic neighbourhood of W with B ⊂ Rn × Grd(Rn) an
open subset. Let x ∈ W ∩ pi(B), let  be such that the ball with centre (x, TxW )
and radius  is contained in B, and let K be a compact neighbourhood of x in Rn.
Let W ′ ∈ (K, )ls, so that there exists a Q ⊂ NW satisfying the conditions
of Definition 3.2. In particular, q : Q → W ∩ K is surjective, so we may pick a
y ∈ q−1(x). But as in (4.1), we have d((y, TyW ′), (x, TxW )) < , so (y, TyW ′) ∈ B
too, hence W ′ ∈ B−. 
5. The space Ψ(Rn) and the dψ-topology
In Lemmas 5.3 and 5.4 of this section we prove Theorem 4.
Lemma 5.1. The subbasic elements D+ (where D is any open subset containing
(s,∞)×R+ for some s > 0) generate the topology in F0(R+) given by the restriction
of the Fell topology along the inclusion graph: F0(R+) ↪→ CL(R+ × R+).
Proof. First we show that this new topology is finer than the one induced by the
Fell topology.
Let D be an open subset of R+ ×R+ that intersects non-trivially graph(f), i.e.,
graph(f) ∈ D−. Since A ⊂ B implies that A− ⊂ B−, we may assume that D is
bounded.
If 0 ∈ D, then D− is the whole space.
If 0 /∈ D, take f with graph(f) ∈ D−. Let x ∈ graph(f) ∩ D, and let ` be
the line with slope −1 that goes through x. Let A,B be the two components
of R+ × R+ \ `, with A the component that contains 0. Then A ∪ B ∪ D is a
neighbourhood of graph(f) (here it is important that f is non-decreasing) and its
complement is compact. We will prove that (A ∪B ∪D)+ ⊂ D−.
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Suppose that graph(g) ∈ (A ∪B ∪D)+, i.e., graph(g) ⊂ A ∪B ∪D. Then:
• graph(g) ∩A 6= ∅ because both contain the origin.
• graph(g) ∩ B 6= ∅ because graph(g) is unbounded and both A and D are
bounded.
On the other hand, graph(g) 6⊂ A∪B, because being A and B disjoint and graph(g)
connected, it would imply that either graph(g) ⊂ A or graph(g) ⊂ B, which we
have proven to be false. As a consequence, graph(g) ∩D 6= ∅, so graph(g) ∈ D−.
Second, we show that this new topology is coarser than the one induced by the
Fell topology.
Let D be an open subset of R+ × R+ containing (s,∞) × R+ for some s > 0.
Take f such that graph(f) ∈ D+. Let n > maxr∈[0,s]{f(r)}. Let
A = (D ∪ (n+ 1,∞)) \ [0, s]× [n, n+ 1].
Then A is the complement of a compact subset, hence A+ is a neighbourhood of f
in the Fell topology which is contained in D+. 
Lemma 5.2. Let W ∈ ψ(U), let s > 0, and let V ⊂ [0,∞) × R be a neighbour-
hood of the graph graph ◦ ν(W ) that constains (s,∞) × R+. Then there exists a
neighbourhood (K ′, ′)ls of W , such that if W ′ ∈ (K ′, ′)ls, then:
graph ◦ ν(W ) := graph(r 7→ vol(Wr)) ∈ (c · V )+.
Proof. As a first step in the proof, we take V a neighbourhood of the graph graph◦
ν(W ) that contains (s + 1,∞) × R+ and such that V ′ is a neighbourhood of its
closure. We will produce a neighbourhood (K, )ls of W such that if W ′ ∈ (K, )ls,
then
graph(r 7→ vol(pi(W ′r)) ⊂ V.
Let K be the disc of radius s+ 2, let δ be such that
d(x, graph ◦ ν(W )) < δ ⇒ x ∈ V.
Let  be so small that
vol(Wr+ \Wr), vol(Wr \Wr−) < δ, ∀r < s.
If W ′ ∈ (K, )ls, we have that for each y ∈ W ′ the euclidean distance between y
and pi(y) is bounded by . Therefore, Wr− ⊂ pi(Wr) ⊂Wr+ for all r < s, hence
vol(Wr)− δ < vol(Wr−) < vol(pi(W ′r)) < vol(Wr+) < vol(Wr) + δ
and so graph ◦ ν(pi(W ′r)) ⊂ V .
For the second step, take µ to be the distance from the closure of V to the
complement of V ′. Then we will provide a neighbourhood (K ′′, ′′)ls of W such
that if W ′ ∈ (K ′′, ′′), then
|vol(W ′r)− c · vol(pi(W ′r))| < µ,∀r < s.
Then, the proof will be finished taking (K ′, ′) = (K ∪K ′′,min(, ′′)): by the first
step of this lemma, graph ◦ ν(pi(W ′r)) ⊂ V and by the second step,
d(graph ◦ ν(W ′r), V ) < d(graph ◦ ν(W ′r), graph ◦ ν(pi(W ′r))) < µ,
hence graph ◦ ν(W ′r) ⊂ V ′.
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Let pir be the restriction of pi to W
′
r and let W (r) ⊂ W be its image. Since
pir : Wr → W (r) is a local diffeomorphism for all r < s, we may choose, for each
x ∈W ′r, a local section fx of pir. Writing Jy for the Jacobian at point y,∫
x∈W ′r
1dx =
∫
y∈W (r)
∑
pi(x)=y
f∗x(dy) =
∫
y∈W (r)
∑
pi(x)=y
det(Jy(fx))dy
and the difference |c · vol(W (r))− vol(W ′r)| is∣∣∣∣∣∣c ·
∫
y∈W (r)
1dx−
∫
y∈W (r)
∑
pi(x)=y
det(Jy(fx))dx
∣∣∣∣∣∣ ,
which is bounded by maxx∈W (r) |
∑
pi(x)=y det(Jy(fx))− 1| · vol(W (r)), that can be
taken to be as small as desired if ‖τ ◦ (Df)‖ is small enough for any section f of pir
and any point in its domain. But this quantity can be made arbitrarily small by
taking ′ small enough. 
Lemma 5.3. If W ∈ ψ(U) and (K, )gs is a neighbourhood of W in Ψ(U), there
exists an open subset D ⊂ R+ × R+ and a neighbourhood (K ′, ′)ls of W in Ψ˜(U)
such that if W ′ ∈ (graph ◦ ν)−1(D−) ∩ (K ′, ′)ls, then the covering map q : Q →
W ∩K has a single sheet, and therefore W ′ ∈ (K, )gs.
Proof. If W = ∅, observe that (K, )ls = (K, )gs. Otherwise, let x ∈ K ∩W not
the closest point to the origin, let r = ‖x‖ and let v = vol(W )(r+) > 0. Then
(r, v) ∈ graph ◦ ν(W )), hence (r, v) /∈ graph ◦ (c · ν(W )) because v > 0. Therefore,
we can find a small open neighbourhood A of (r, v) and an open neighbourhood B
of graph ◦ (2 · vol(W )) such that (s,∞) × R+ ⊂ B and A ∩ B = ∅. Observe that
1
2B is a neighbourhood of graph ◦ ν(W )).
Let (K ′, ′) be as in Lemma 5.2 for the neighbourhood 12B of W , and define
D = A∩ 12B. If W ′ ∈ (K ′, ′)ls, and its corresponding q : Q→W ∩K has c sheets,
then graph ◦ ν(W ′) ⊂ c2B, which is disjoint from 12B unless c = 1. Therefore, if
W ′ ∈ (K ′, ′)ls ∩ graph ◦ ν−1(D−) then q is single-sheeted and W ′ ∈ (K ′, ′)gs 
Lemma 5.4. If W ∈ ψ(U), and D+ is a subbasic open neighbourhood of graph ◦
ν(W ) in F0(R+) as in Lemma 5.1, then there exists a neighbourhood (K, )gs of W
in Ψ(U) such that (K, )gs ⊂ (graph ◦ ν)−1(D+).
Proof. Let D be an open subset of R+ × R+ containing (s,∞) × R+, that is also
a neighbourhood of graph ◦ ν(W ), i.e., graph ◦ ν(W ) ∈ D+. First we take a
neighbourhood (K, )ls of W as in Lemma 5.2 for the neighbourhood D of graph ◦
ν(W ). Then, if W ′ ∈ (K, )gs, then W ′ ∈ (K, )ls and its corresponding covering
map q : Q→W ∩K has a single sheet, so in the mentioned lemma we have c = 1,
so
graph ◦ ν(W ′) ⊂ D,
hence graph ◦ ν(W ′) ∈ D+. 
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